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Abstract 

We prove that if a solution of an equation of KdV type is bounded above by a traveling wave 
with an amplitude that decays faster than a given linear exponential then it must be zero. We 
assume no restrictions neither on the size nor in the direction of the speed of the traveling wave. 



1 Introduction and main results. 



In this paper we will continue our study initiated in [2] on solutions of dispersive systems that decay 
like a linear exponential. In particular, we extend the results proved in that paper for traveling 
wave solutions of non-linear Schrodinger (NLS) equations to the case of equations of Korteweg-de 
Vries (KdV) type. 

More concretely we shall consider solutions of equations of the form 

(d t + dl) u = a(u)d x u, igl, (1.1) 

with a regular and such that 

K*)| < Mi (\s\ + \s\>) , j = 1,2,3,... (1.2) 
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Our main result is the following one. 



Theorem 1 Assume u € C 1 (R : i7 1 (IR)) is a real solution of (|l.ip ~ (|1.2p wrai/i a(u) afco real. Then 
there exist Xq > 1 and Co > suc/i that if for some X > 0, b G R 

sup|K,t)||^i <M 2j (1.3) 

sup / e 1 * -6 * 1 \u(x,t)\ 2 dx < M 3 , (1.4) 

sup / e 2A l*-*l |-u(x,t)| 2 < +oo, (1.5) 
t>o 7 



and 



then 



X > max<| X ,c M 2 I 1 + 



M 3 + M 2 1/2 M 3 1/2 



i/2 



u = 0. 



Relevant examples of non-linear potentials are the pure power ones 

a(«) = -jV j = l,2,3..., (1.6) 
and the completely integrable ones 

a(u) = a\u + a 2 u 2 , (1.7) 

that are usually known as Gardner equations, where the cases (ai, a 2 ) = (1) 0) and («i, a 2 ) = (0, 1) 
are the KdV and modified KdV equation respectively. 



Remark 1 For (|1 .6|) i/iere zs a scaling symmetry 

u x (x, t) = X 2/j u (Ax, A 3 i) , A > 0, 
and an explicit family of traveling waves 



i 

X 2 ^(fj (A(x — A 2 i)) , wi/i = — sech 2 (^x)^j . 

Hence in this case we have traveling wave solutions that propagate to the right with velocity A 2 . 

Also given any j and using the scaling invariance we can always choose A small enough such that 
there exists a non-trivial solution that verifies (jl.3p . (|1.4p . and (jl.5p . 



Regarding negative velocities we recall the existence of breather solutions in the case of Gardner 
equations for some specific choices of the parameter ot\ and a 2 . Let us consider for simplicity the 
modified KdV equation; and specifically we take a(u) = —6u 2 . Then, with this normalization the 
soliton solutions are 

u(x, t) = A sech (X(x - X 2 t)) , (1.8) 
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and the breather solutions are [11] 

cos t)\ - - sin $(x, i) tanh (A(x + 7*)) 



:,t) = 2Asech (A(x + 7*)) 

with 



1 + I 77 ) sin ($(x,t))sech 2 (A(> + 7i)) 



(1.9) 



7 = 3^ 2 -A 2 , 5 = /j 2 -3A 2 ,and $ = + 5t) - tan^ 1 Q^j . 

These breathers can be seen as wave packets with an amplitude and a frequency determined by the 
parameters A and /x. The velocity of the amplitude is 7 = 3/i 2 - A 2 and it can take any real value. 

Remark 2 Notice that in the above examples the decay rate of the amplitude is just given by A as 
in the statement of our theorem. Choosing as before A small enough we also conclude the sharpness 
of our result for negative velocities. 

Remark 3 Breather solutions also exist for complex KdV equations. For example if we choose 
a(u) = —\u\ 2 with u(x,t) G C it is easy to check (see for example J?]^ that 

u(x,t) = V3e-^ (3A2 -^ 2)+i ^A (x - (A 2 - 3fi 2 )t) , 

with ijj\{x) = Xipi(Xx) and i^\{x) = \f2sechx. The arguments needed for the proof of Theorem^ 
also work for this complex KdV (i.e. a(u) = —\u\ 2 ). 

There are three fundamental ingredients in the proof of Theorem [TJ The first one is that the 1? 
norm is a conserved quantity. This property is needed to conclude that u(x, 0) = if for some 
sequence of times t n we have that 

lim \\u{-,t n )\\ L 2 = 0. 

t„ — »oo 

The second ingredient is Kato's theory in [5] concerning the persistent property of solutions to 
the initial value problem with data that satisfies linear exponential decay. Kato's result is used to 
prove that if (|1.5[) holds then a similar inequality is also true for d^u k = 1,2,3. We require this 
property since instead of working with the equation (|l.ip - (|1.2j) we use the one satisfied by / = e xe u 
with 9(x,t) an appropriate Carleman weight that grows almost linearly at infinity. 

The final ingredient is the convexity of H{t) = ||/|| 2 2 = (/, /)• As done in [2] and [3] we estimate 
H(t) and H(t) using integration by parts, therefore we need / and its spatial derivatives in L? . 
At this point we closely follow the arguments in [2] but the algebra, as it can be expected, turns 
out to be more complicated in the KdV setting than in the NLS one. The details can be found in 
the proof of Claim Q] in Section [2j In this claim we establish the positivity of the commutator that 
appears in the computation of H{t) -see also [9] and [10] . 

There is still another difference with respect to [2] . For generalized KdV (jl. 1|) - ()1.2[) the non-linear 
potential can not be treated in a perturbation way and some structure is needed (see the proof of 
Claim [2] in Section [2]) . This structure still holds in the complex KdV equation that we mentioned 
above. 

The use of Carleman weights to obtain positive commutators is a standard technique in elliptic 
theory for obtaining lower bounds of eigenfunctions of a Schrodinger operator -see [I], [1], [8]. In 
the time evolution setting some modifications of this technique are needed and an important step 
in our approach is the use of the two identities (|2.5p and (|2.6|) . These identities also appear in [2] . 

The rest of the paper, that is to say Section [21 is devoted to the proof of Theorem [TJ 
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2 Proof of Theorem CD. 



From the results by T. Kato in [5] we can assume that (jl.5p is also satisfied possibly with another 
A for d£u(x, t) with k = 1,2,3. 

As in [2] we shall work with / = e^ e u with 9 = 0(x,t). More concretely 0(x,t) = f(r), r = \x — bt\ 
for some regular even tp that will be fixed later on and that it grows at most linearly at infinity. As 
in [3] we have 

{d t + dl) e - xe f = (S x + A x )f; 

s x = s\d x (d x 0d x ) + {-x 3 (d x 0) 3 - \d 3 j - xd t 0) ; 

A x = dt + dl + 3A 2 {8 x 0f d x + 3X 2 d x 0d%9 = 8 t + A x ; 

A\ = -Ax A\ = -A x S* x = Sx- (2.1) 

Hence, using the notation d x f = f x , 

([S x ;Ax]f,f) = {(SxAx-AxSx)fJ) 

= 9XJ p"(r)f xx + QXb J ^"(r)/ 2 + 18A 3 1 (^(r)) \"{r)f x 

- 6AjV»/ 2 + 9A 5 | ( V '(r))\"(r)f + Xb 2 j >(r)/ 2 

- 3A 3 J (/(r)) 3 f - 18A 3 J <p'(r)<p"(r)<p"'(r)f (2.2) 

- 3A 3 | (/(r)) 2 ^(r)/ 2 + A J V VI (r)f-2Xb J <fF> »/ 2 

- 6A 3 fe J ip'{rfip"{r)f 2 

= © + ® + © + © + © + © + © + ® + ® + © + © + ©. 



Notice that 



© + © + © = A / (3A 2 (^(r)) 2 -6)%"(r)/ 2 . (2.3) 
As in [2] we shall use two identities that hold for solutions of 

dtf = ~(Sx + Ax) f + F, (2.4) 



with 

A\ = -Ax SI = S x . 



First observe that from (12. 4|) 

d 



it (fJ) = -2(SxfJ) + 2(FJ), 
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and, recalling that in our case A x = &t + we have 

j t (S x f, f) = -((S X A X - A x S x )f, f) - 2(S x f, S x f) + 2(F, S x f). 
In this last identity we have used that 

S X A X - A X S X = S X A X — A X S X — (S x )t. 

Then, take rj : [a, b] — > R. A simple integration by parts gives (see Proposition 1 and Proposition 
2 in [2] for more details) 

r,'(t)(S x f,f)dt = ~ W(f,f))\ b a + (\'{t){FJ)dt+ l - [\"(t)(f,f)dt, (2.5) 



and 

r b 



v '(t)(S x f,f)dt = ( v (S x f,f))\ b a + ^ v {(S x A x -A x S x f),f)dt 



(2.6) 



+ 2tf V (S x f,S x f)dt-2j*ri(F,S x f)dt. 
Notice that if u solves (fTT|) - (fL2|) and / = e x ^ x ~ bt ^u, then / solves 

dtf = ~(S X + A x ) f + a{u) (d x f - X(p'(x - bt)f) . (2.7) 



Finally we shall use the following Carleman weight (po: 

fo G C 6 (R), even and positive, (2-8) 

tp' ( r ) = r if < r < 3/2 and if/ (r) = 2- if r > 2, (2.9) 

< <Po(r) < 1 and it is a decreasing function for r > 3/2, (2-10) 

there exists cq > such that 



d k 

d^ Mr) 



<co^'(r) fc = 3,4,5,6. (2.11) 



The proof of the theorem will follow from the next three claims. Recall that / = e Xlfi ^u with 
r = \x — bt\. If b > | A 2 we shall choose (p = jfo- Otherwise we shall take <p = <po. The 
reason behind these choices will become clear in the proof of Claim Q] where different cases will be 
considered. 

Claim 1 There exist Ao > 1, Aq > such that for all A > Ao 

((5 A ^ A - A X S X ) /, f)>AoJ & (A 3 / 2 + A 2 / 2 ) . (2.12) 

The proof of this claim is long and it is postponed. 



Claim 2 There exists a constant C > which depends on (jl.5p and on M±, M 2 and M 3 given in 
(OP . ([Oil , and (USD such that 



\(a(u) (d x f - Xp'(x - bt)f) , /) I < AC. 



(2.13) 



Remark 4 In the above inequality f)2. 13|) the structure of the non-linear term plays a role. This 
makes a difference with respect to the non-linear Schrodinger equation, see Jlj/. 



Proof Recall that 

u = e~ 

so that from (11.31) u is in I? . Also observe that 



Xip(x—bt) j 

e**>d x u = 8 x f - Xip'f. 

Hence by integration by parts 

J a{u) (d x f - Xip'f) fdx = j a(u)e Xip d x ue Xlp udx 

with s 

a(s) = —5 a(s')s'ds'. 
s Jo 

The claim easily follows from the boundedness of p' and (11.2p - (jl.5j) . 

Claim 3 There exists a universal constant C\ such that 

M} r ail, a/9. . , v/ 2 



e 2X " p 2Xp'u 2 a{u) dx, 



{^{U-Xv'f^KC^ (m^M^ + M^ + I J^(X 3 f 2 + Xf 2 )dx. (2.14) 



Proof We have 



e ||x-W| u 2 < 



— ie^y 

dy 



dy 



< 2\\u 



u x\\L 2 



e \\v-bt\ u 



1 

L 2 + 2 



e \\y-bt\ u 



2 

L 2 



< 2 (M 2 M 3 ) 1/2 + ^M 3 . 
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Also there is a universal constant Cq such that 



Then we get from (|2,15D 



e-2 r < Covo(r). 



|a(«)| 2 < C ^(2 (M 2 M 3 ) 1/2 + -M 3 ) 



As we already said, either tp = j\po, or ip = ifQ. Hence 

\fx - A<^7| 2 < 2|/,| 2 + 2A 2 sup^l/l 2 < C (\f x \ 2 + A 2 |/| 2 ) 



(2.15) 



(2.16) 
(2.17) 

(2.18) 



for another universal constant Cq. Also recall that A > 1. The claim follows from (|2.17p and (|2,18p . 



Let us finish the proof of the theorem before we prove Claim [TJ We follow the arguments in [2] , 
and more concretely those in Proposition 1 and Proposition 2 of that paper. 

Take A > Aq and such that 



irV2 ,,1/2 



i/2 



~ 4 



M 2 ' M 3 7 +M 3 J +1 

Recall ([277]) so that (pT4"|) is satisfied with 

F = a(u)(f x - Xip'(x-bt)f). 
Then, from (f2T2|) and (gUP we get 

([S x ;A x ]f,f)+2{S x f,Sxf)-2{F,S x f)>{S x f,S x f) + ^- J <f% (A 3 / 2 + A 2 /') • (2.19) 

Our first step is to use the above inequality to obtain a uniform estimate for (S\f, S\f). Take for 
any n G N, r? n (t) defined on [n — 1/2, n + 1/2] as 

Notice that ry n (n ± 1/2) = 0, so that the right hand side of (j2.6[) is lower bounded using ()2. 19|) by 

% || -Sa/ Ilia dt. 



On the other hand |?^J = 1 and r]'^ = —6(t — n) < 0. Then, using (jl.5p and (|2.13p . the right hand 
side of (|2.5[) is bounded above by AC with C depending on Mi,M2,M3, and the bound in (|1.5|) . 
but not on n. 

As a consequence we get 

y 7? n \\s X ff L2 dt < ac. 

Hence there exists a sequence of times T n — > oo such 

sup||S A /(-,T„)|| 2 2 <+oo. (2.20) 

n 

The second and last step is to obtain a global space-time estimate for / and therefore for u. For 
proving it we use again identities (12. 5ft and (|2.6j) with F = a(u)(f x — \<p'(x — bt)f) and with 77 
defined on [0, T n ] regular and positive, and such that 77(0) = and rj = 1 if t > 1. With this choice 
of r] the right hand side of (|2.5j) is bounded using (11. 5p and (I2.13|) . For the right hand side of (12. 6p 
we use (|2TT9D and ([2^20]) . Hence we get that 

-£J J ^ (a3/2 + x2f ^ dxdt < + °°' 

and as a consequence 

/oo r 
J e 2X \ x ~ bt \\u{x,t)\ 2 dxdt < +00. 

This implies that there exists a sequence of times t n such that 

lim ||u(-,i n )|| = 0. 

t„->-oo 
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But from the I? conservation law u$ = 0. The result follows from the uniqueness property of the 
initial value problem in H 1 given in (BJ. 

In order to complete the proof of Theorem [T] it remains to prove Claim [TJ 

Proof of Claim [J We shall consider five different cases depending on the sign of b and the relation 
between b and A 2 . In what follows Cq will denote a universal constant that can change from line 
to line. Only a finite number of choices of these constants will be made. 

Case 1 . > 1/2. In this case we shall take (p = -^fo- 

Recall (JZ2]) and $L3§. Then, we have (ip' < 2) 

© + © + ©> ^A6 2 f <p"f 2 . (2.21) 



On the other hand 



©+©+©+©+©< / v"f {CoA 3 + AC + XbC } . (2.22) 
Hence taking Aq large enough we get from (|23T]) - (f2"lS]) and for A > Aq~ a bound for 

Xb 2 J <p"f = ^J rtf > ^A 5 J ^f. (2.23) 



We also have 

© < 6C A / iff'fl 



Then using © and taking Aq large enough we get a bound of 

Xb [ <p"f 2 x . (2.24) 



Finally © gives a bound for (f xx ) 2 and © is positive but worse than ©. Putting everything 
together we get for A > Aq that 



([Sx; A x ] f, f) > aU <p» (X(f xx ) 2 + \bf 2 x + Xb 2 f 2 ) dx 
> Aij^(X 3 f 2 + X 2 f 2 )dx, 



(2.25) 



for some Aq > 0. 

Case 2 . < — = < — , and the integrals in ©,©,...© will be considered in the region r > 1. We 
3X 2 2 

take ip = ipo. 
Then 

© + + @ >^A 5 / ^ 7 2 ; (2.26) 

4 Jr>l 

while the absolute value of the integral in the region r > 1 of © + © + © + © + © is upper 
bounded by 

/ ^f 2 (C A 3 + C A + C Xb) . (2.27) 

Jr>l 
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Hence taking Aq > Xl 1 for some Aq^ late enough we get from (|2.26j) — f)2.27j) a bound for 



A / ^'o7 2 . 



(2.28) 



Using this time instead of © (that is also positive) and © and ()2.28|) we get for the region r > 1 
a lower bound for the commutator of the type 



K 1 I ^(X(f xx ) 2 + X 3 f x + X 5 f)dx, 

Jr>l 



(2.29) 



that is better than what we need. 

Case 3 . < < - and r < 1. We take ip = tpo. 
3X Z 2 

We need a cut off function ij such that rj(r) = r if r < 1, ij(r) = 0ifr>3/2 and 
k = 0, 1, 2. Then for r = \x — bt\ 



d h rj 



dr k 



< Co if 



rj(r)f 2 (x)dx 



6A 2 



(3Ar 2 -6) (vf^^dx 



^ j (3Ar 2 - b) { (2ff xx + 2/ 2 ) n + n"f + 2V//'} • 



Notice that b > 0, so we get, using Cauchy-Schwartz, 



( f + 3^/J 



<^{lj (3AV-6) 2 / 2 r ? + 2 | (/ M )^ + 6A | r% 



(2.30) 



1 



+C / / 2 + A/ 2 + -/ 2 , 

l<r<3/2 A 



From the definition of (po we have that the terms ©, ©, ©, © and © are zero and that for r < 3/2 
we have that © + © + © gives 



X (3AV-6)V 7 2 

Jr<3/2 

Therefore we just have to take care of ©. Using (|2.3Up we get 



3A 3 / f < 3A a / f z V 

'r<l 



3 / f 2„ 



<\xf (3Ar 2 -6) 2 / 2 + A / {f xx f + 3A 2 / r 2 / 2 ^ 

4 Jr<3/2 Jr<3/2 J 



r<3/2 



+Co A 4 / / 2 + A 2 / f x 

\ Jl<r<3/2 Jl<r<3/2 



h+h + h + h- 
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I\ is bounded by © + © + © because </?q = 1 if r < §, li by © , I3 by ©, and I4 by the bound 
(I2.29p obtained in Case 2, and that as we said was better than what we needed in terms of powers 
of A. As a consequence for A > A^ and for some Aq^ large enough we get a lower bound for the 
commutator of the type 

/ (A 3 / 2 + Mfxx) 2 ) dx. (2.31) 

Jr<l 

Finally from 

a 2 / fin = -a 2 / (f x H + / A) = a 2 / (i/V - ff'v), 



'2' 

and (|2.3ip we prove that there exists Aq 11 and a lower bound of the type 

< H [ V% (A 3 / 2 + A 2 / 2 + A(/..) 2 ) . (2.32) 

Jr<l 

Case 4 . b < and r > 1. We take 93 = v? - 

If b < 0, © comes with the wrong sign while © appears with the good one. Therefore we need 
another identity. We have 



© + © + © = 9\J Mxxf - 6A6 (/ ^offxx + <Pof*f) + A& 2 J <Pof 

= 9A J <p'> (f xx - ^ +3A6 J rt v f 2 . 

Notice that for r > 1 the absolute value of the last term of the above identity 

|3A6 J tp^fl 

together with the absolute values of ©, ®, ©, ©, and © are upper bounded by 

Co/ V9 7 2 (A|6|+A 3 + A). 

Jr>l 

But from © and © we get a lower bound of the type 

(A 5 + |6|A 3 )/ <p»f, 

Jl<r 

that can be taken in the region 1 < r < I as 

(9A 5 + 6|6|A 3 ) / u'U 2 - 



(2.33) 



l<r<- 



Also © gives the bound needed for ©. Altogether we get for A > A^ with A^ large enough, that 
the commutator is lower bounded by 

K V [ ((A 5 + |6|A 3 ) / 2 + A 3 / 2 ) + / . ^ ((8A 5 + 5|6|A 3 ) / 2 + 17A 3 / 2 ) (2.34) 
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for some Aq V and that is better than what we need. 
Case 5 . b < and r < 1. We take ip = ipo. 

As in Case 3 we need the cut off r] = 1 if r < 1 and ij = if r > 3/2. We have r = \x — bt\ 
J fh = - Jrd x {fl) r, ~ J rflr,' 

= - f 2rf x f xxV - J rfirf 

= -2 j rrr (f xx - jj/) U ~ l\ j rrrfU - j rr/fl 
Hence using Cauchy-Schwarz and some integration by parts 

j ^<\jn (/» - b 3 f ) 2 + X j ^f* + / r W (y/ 2 + ■ ( 2 - 35 ) 

Also for r < 1 the terms ©, ®, ©, ©, © are zero. Therefore only © remains as a negative term. 
We have 

/ A = \j r\f% x v ~ 2 j r V 'ff x - \ J r 2 V "f 2 

= [ r 2 {fl + ff xx ) V ~ 2 j rrfff x - \ j r^'f 2 
= J r 2 fh + J r 2 f (/,, -\f)l+\J r'fri 
- 2 J nffU -\f rV/ 2 . 

Then, using Cauchy-Schwarz 

jfv-lj r 2 f 2 V < j r 2 vf x + y / A/ 2 + ^2 J V (/«. " ^ 

+°0 A<|r|<3/2( 1 + A )/ 2 + jfx- 

Then, for r < 1 the absolute value of © is upper bounded by 

3A 3 J fr, ~ X 3 b J r 2 f < SA 3 J r\f x + ^A 5 J r V + hj V (f m 

C °fl<\r\<3/2 ^' 
= h+h + h + h- 

Hence, we bound I\ with ©. Notice that even in the region 1 < \r\ < 3/2 there is no problem 

3 

using (|2.34p . For I2 we use © and QOID because -r 4 < 8 if r < 3/2. For I 3 we use (|2.33p 
(ip T v = if r < 3/2). Finally for I 4 we use (|2.34j) . 
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As a conclusion we get a lower bound for the commutator of the type 

2 



A 3 f + A 3 |6| J r 2 / 2 + \f r, (/,, - |/) ' + A 3 J V r 2 f x . 



Hence using ^ we get a bound of A 2 J fa. Therefore there exists ^ such that the commutator 
is bounded below by 

<f f'b (A 3 / 2 + A 2 / 2 ) . (2.36) 

Jr<l 

Taking A = max { , A^ 1 , A^ 11 , A 1 ^ , A% } we conclude the proof of Claim □ using (I2T25D . (I2T29D . 
(j23T|) . (j2"33|) and (jlOSj) . Notice that a bound of A / f'o(fxx) 2 is also obtained. 
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